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valuation of seeing-induced cross talk in
ip–tilt-corrected solar polarimetry

hilip G. Judge, David F. Elmore, Bruce W. Lites, Christoph U. Keller, and Thomas Rimmele

We reanalyze the effects of atmosphere-induced image motions on the measurement of solar polarized
light using a formalism developed by Lites. Our reanalysis is prompted by the advent of adaptive optics
�AO� systems that reduce image motion and higher-order aberrations, by the availability of liquid crystals
as modulation devices, and by the need to understand how best to design polarimeters for future
telescopes such as the Advanced Technology Solar Telescope. In this first attempt to understand the
major issues, we analyze the influence of residual image motion �tip–tilt� corrections of operational AO
systems on the cross talk between Stokes parameters and present results for several polarization analysis
schemes. Higher-order wave-front corrections are left for future research. We also restrict our dis-
cussion to the solar photosphere, which limits several important parameters of interest, using some
recent magnetoconvection simulations. © 2004 Optical Society of America

OCIS codes: 120.0120, 120.5410.
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. Introduction

any solar phenomena of current interest are driven
y the interaction of turbulent plasma with magnetic
elds.1 Measurements of the full state of polariza-
ion of solar spectral lines are needed to infer prop-
rties of vector solar magnetic fields from their
mprints in the emergent spectra through the Zee-

an and Hanle effects.2 Until the Solar-B satellite3

s successfully launched, all routine measurements of
he solar vector magnetic field must be done from
round-based observatories. All such measure-
ents are detrimentally affected by rapid image dis-

ortions introduced by atmospheric seeing, which has
ignificant Fourier power beyond video rates of �30
z �e.g., see Fig. 1�. Even spacecraft measurements
re affected to some degree by spacecraft jitter, but,
n any case, ground-based polarimetry will remain an
mportant tool for solar physics owing in part to the
arger apertures of ground-based telescopes.4

Polarized light from astrophysical objects such as
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he Sun is conveniently described through the Stokes
ector S, whose four components Si, i � 1, 2, 3, 4, are
sually labeled I, Q, U, and V. In this paper we
ocus primarily on measuring the magnetic fields in
he solar photosphere using the Zeeman effect, and
e are concerned with the quiet as well as the active

egions of the Sun’s atmosphere. In this case all
our components of S are needed to recover the vector
agnetic field to within a well-known 180° azimuthal

mbiguity. In most cases

�I� � �V� � �Q, U�.

he order of the inequalities arises because V�I is
rst order but both Q and U are second order in the
atio of Zeeman splitting to Doppler width, which is
ften a small parameter. The amplitudes of V, Q,
nd U are often small compared with I because only
small fraction of the resolution element is occupied

y magnetized plasma. Measurements of all four
omponents of S are generally not made strictly si-
ultaneously. Instead they usually consist of a re-

eated cycle of sequential measurements through a
ystem �e.g., Fig. 2� designed to modulate, detect, and
emodulate the spectral light such that linear com-
inations of the four components of S are encoded
nto time-dependent detector signals, which are pro-
ortional to the intensity of the light incident on
hem. An example of one cycle of a time-dependent
odulation and demodulation scheme—the rotating-

etarder case studied by Lites5—is shown in Fig. 3.
1 July 2004 � Vol. 43, No. 19 � APPLIED OPTICS 3817
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he histograms shown correspond to integrations of
ounts over the time intervals shown. One entire
easurement corresponds to an integer number of

uch cycles. The time-dependent signals are some-
imes referred to as modulation states. We can
rite the measurements using matrices.6,7 Follow-

ng del Toro Iniesta and Collados,7 let O be the �n �
� modulation matrix; then the measured signals are

IM � OS. (1)

here are n elements of the vector IM, each corre-
ponding to one linear combination ��I � aQ � bU �
V� of the input Stokes parameters S measured over
ne particular time interval, between say t and t � �.
n the case shown in Fig. 3, for example, n � 8 �i.e.,
ight integrations are needed to extract all four
tokes parameters for the time period plotted�. Be-

ig. 1. Power spectra of image motion measured at the Dunn
olar Telescope �DST� at the National Solar Observatory �Sunspot,
ew Mexico� and at the McMath-Pierce West Auxiliary �W.A.�
elescope on Kitt Peak. The data of von der Luhe were presented
y Lites.5 The other data have not been previously published.

ig. 2. Schematic optical layout for the modulation schemes con-
idered here. Light from the telescope enters the polarimeter
rom the left and is registered in the two detectors at the right. In
he case of the single rotating-retarder scheme, the second retarder
s absent.
818 APPLIED OPTICS � Vol. 43, No. 19 � 1 July 2004
ause the amount of polarization is usually small �i.e.,
	 �Q2 � U2 � V2�1�2
, measurements are often
ade with a dual-beam setup �Fig. 2� in which a

eam splitter is used followed by two orthogonal lin-
ar polarizers to obtain genuinely simultaneous mea-
urements at two detectors, x and y. The first
easures Ix � I � aQ � bU � cV, the second mea-

ures Iy � I � aQ � bU � cV. When combined with
easonably fast polarization modulation, the differ-
nces Ix � Iy yield far more accurate values for Q, U,
nd V than does a single-beam arrangement because
he dual-beam approach reduces spurious signals due
o seeing-induced variations in Stokes I. However,
he difference between the two beams is affected by
at-field errors, which are of the order of 1%. For-
unately, these errors are multiplicative in the polar-
zed Stokes parameters if the main polarization
iscriminator is a temporal modulation.
The input Stokes vector is recovered from the mea-

ured intensities by application of a demodulation
atrix D, which can also include necessary algebra

or dual-beam systems �made explicit by Seagraves
nd Elmore6�:

S � DIM � DOS. (2)

o measure all four components of S, O must be of
ank four.7 If, for each beam, O is a 4 � 4 matrix,
hen D is unique; but if n 	 4, an infinite number of
emodulation matrices can be used to recover S. del

ig. 3. Example of one cycle of a time-dependent modulation and
emodulation scheme—the smoothly rotating retarder case stud-
ed by Lites.5 The abscissa shows the phase angle of the retarder
elative to a given reference direction, and the time span plotted
hows just one half of a complete rotation of the retarder. The
istograms shown correspond to integrations of counts over the
ime intervals shown, and the sinusoidal curves show the outputs
or constant values of �fictitious� pure Stokes parameters Q, U, and

measured at two detectors, x and y. One complete measure-
ent consists of a series of repetitions of such cycles.
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oro Iniesta and Collados7 showed how to compute D
or a given O to minimize the uncertainties in the
easurement process represented by Eq. �2� for mod-
lated signals IM having statistically the same un-
ertainty, for example, from photon-counting
tatistical noise.
The aim of this paper is to study a different source

f noise, which is actually a spurious signal intro-
uced by the measurement process. The spurious
ignals arise from the sequential, nonsimultaneous
ature of the measurement process, where time vari-
tions of I, Q, U, and V during the exposure period for
ach measurement IM lead to errors in the recovery of

by use of Eq. �2�. The time variations of most
oncern here arise from rapid image motions intro-
uced by seeing in the Earth’s atmosphere and from
lower �but significant when observed at high-
ngular-resolution� small-scale motions of the solar
tmosphere itself. Lites5 presented a formalism
ased on Fourier analysis by which the former source
f noise—the cross talk between the measured solar
tokes parameters induced by atmospheric seeing—
ould be easily evaluated. The strength of Lites’s
nalysis lies in the fact that the rms cross talk can be
valuated given just three quantities: the power
pectrum of the image motion, the Fourier character-
stics of the polarization modulation and demodula-
ion scheme, and the �quasi-static� spatial gradients
f Stokes parameters in the solar data. Figure 1
hows some image motion power spectra obtained at
he Dunn Solar Telescope �DST� on Sacramento Peak
nd at the McMath-Pierce West Auxiliary Telescope
n Kitt Peak. It also shows, for comparison, the
ower spectrum obtained by von der Lühe that was
sed in Lites’s original analysis.5 These are all
ower spectra of the residual translational motions,
ncluding tip–tilt corrections in the case of data col-
ected by Rimmele and Keller. To complete one

easurement cycle �i.e., obtain all n components of
he vector IM in Eq. �2�
 requires n measurements for
ach beam. Lites considered a continuously or
tepped rotating retarder, which requires n � 6 for
easurement of the full Stokes vector S, and both

ingle- and dual-beam systems. For a read rate of fR
ertz, each complete measurement requires at least
n�fR seconds, where K is the number of repetitions
f the measurement cycle. At video frame rates
fR � 30 Hz�, all image motion power spectra have
ignificant power beyond the 5-Hz cadence implied
hen n � 6 �Fig. 1�. Thus seeing-induced noise re-
ains an issue for these schemes.
Since Lites’s research, several technological ad-

ances have occurred, prompting us to reinvestigate
he issue of polarization cross talk. The first ad-
ance concerns the ability of detectors to demodulate
t frequencies of tens of kilohertz, i.e., much higher
han those where the bulk of the seeing exists. As
oted by Keller,8 in 1969 Kemp suggested that pho-
oelastic modulators could in principle be used to beat
r freeze essentially all the seeing-induced image mo-
ion if the modulated signals could be demodulated.
tenflo and Povel9 proposed use of a novel kind of
ptical demodulation device. Such modulators and
etector devices have since been realized and have
ielded high-sensitivity polarization measurements
ade at visible wavelengths10,11 and offer an impor-

ant solution to the problems introduced by atmo-
pheric seeing. These devices have historically had
he problem of a low efficiency associated with the
equired masks needed for charge storage areas on
he detector and the restriction of a single CCD de-
odulator to one frequency. Solutions to these

roblems have not yet been fully overcome �Keller8

iscusses these and other issues�. We do not discuss
hese devices further because they do not suffer from
he effects investigated here.

The second advance involves the introduction of
daptive optics �AO� as a way to reduce the detrimen-
al effects of seeing on the polarization measure-
ents. If we restrict our discussion simply to

esidual image motion �i.e., tip–tilt corrections�, ig-
oring the higher-order AO corrections �astigmatism,
efocus, coma�, we can expect that an effective AO
ystem will significantly reduce the polarization cross
alk because it depends linearly on the rms image
otion5 �see Eq. �9�
.
Assuming, for the sake of simplicity that turbu-

ence in the Earth’s atmosphere obeys a Kolmogorov
pectrum, after complete tip–tilt correction the total
ariance of the wave-front errors in radians squared
educes from 1.03�D�r0�

5�3 to 0.134�D�r0�
5�3, where

is the telescope aperture and r0 is Fried’s seeing
arameter �e.g., Roddier12�. Of course no AO system
ompletely eliminates image motion. For example,
ur tip–tilt-corrected spectra are influenced by tele-
cope shake and instrument jitter, which are clearly
ot Kolmogorov in terms of their power spectrum.
hus we always need to consider the temporal power
pectrum of the remaining image motion �Fig. 1�, and
t is important to understand the influence of this
ffect on the cross talk.
A third advance involves the more common use of

iquid-crystal devices for polarization modulation.
erroelectric liquid crystals �FLCs� and liquid-crystal
ariable retarders �LCVRs� have some advantages
ver the early rotating-retarder schemes analyzed by
ites, in that modulation and demodulation schemes
an be constructed to optimize the efficiency of the
nalysis7 and to give equal weight to all three polar-
zed Stokes parameters Q, U, and V for every single

odulation state �balanced modulation�.
For these reasons, we have undertaken a study of

he effects of image motion-induced cross talk includ-
ng the effects of AO image correction and different
olarization analysis schemes that take advantage of
everal different modulation devices. We also exam-
ne the spatial properties of the Stokes vectors pre-
icted from recent magnetoconvection simulations to
ranslate the computed values of the rms cross talk
nto signal-to-noise ratio estimates of the derived
tokes parameters. We conclude with a discussion
f implications for existing and new ground-based
nstrumentation, including the new Swedish Solar
1 July 2004 � Vol. 43, No. 19 � APPLIED OPTICS 3819
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3

elescope13 and the future Advanced Technology So-
ar Telescope4 �ATST�.

. Formalism

ur formalism follows that of Lites.5 Briefly, the
ight entering a polarimeter is described by the
tokes vector S�x, y; t�, where x, y describe coordi-
ates in the position on the plane of the sky and t is
ime. In a seeing-free situation

Si�x, y; t� � Ri�x, y; t�, (3)

here Ri�x, y; t� is the Stokes vector unaffected by
eeing. When seeing-induced image motion is
resent, neglecting higher-order image aberrations,
he input Stokes vector at instant t corresponds to
hat from a position x�, y�:

Si�x, y; t� � Ri�x�, y�; t�. (4)

or small deviations we can write

Si�x, y; t� � Ri�x, y; t� � �Ri�x, y; t� � s�t�,
(5)

here s�t� � �x� � x, y� � y�T is the seeing-induced
mage displacement at time t. s�t�, driven by atmo-
pheric turbulence, has no preferred direction when
veraged over time, so we can replace the dot product
n approximation �5� with the angle-averaged value

Ri�, multiplied by the scalar quantity �N�t�, where

is the rms value of the seeing and N�t� describes the
eeing function with zero mean and unit rms. Note
hat, if the image motion power spectra are measured
elative to just one axis �i.e., tip or tilt�, the power
pectra should be multiplied by a factor of 2—i.e., �
hould be multiplied by �2—to account for the addi-
ional variations along the orthogonal axis. Drop-
ing the coordinates �x, y; t�, we obtain

Si � Ri�1 �
�
Ri �
�Ri �

�N�t�� , (6)

� Ri�1 � �iN�t�
, (7)

hich is Eq. �1� of Lites,5 taking into account his Eq.
3�. We define PN��� as the normalized power spec-
rum of N�t�, where5

�
0

�

PN���d� � 1. (8)

Lites5 envisaged a polarization analysis system
onsisting of just a single rotating retarder whose fast
xis varies with time either continuously or in a
tepped fashion, followed by a beam splitter that sep-
rates the emergent modulated light into orthogonal
tates of polarization onto two different detectors �see
ig. 2; in this particular case one of the retarders is
bsent and the other rotates in time�. Calculation of
he modulated and demodulated signals as a function
f time onto the two detectors and subtraction of the
ignals of the two detectors yields, after some alge-
820 APPLIED OPTICS � Vol. 43, No. 19 � 1 July 2004
ra, the following expression5 for the rms cross talk
rom Stokes parameter i to Stokes parameter r:

�ri
2 � �Ri�i�

2 �
0

�

�H̃ri�����2PN���d�, (9)

here H̃ri���� is the Fourier transform of the product
f the modulation function for the input of parameter
with the demodulation function for parameter r.
quation �9� shows that �H̃ri����� should be viewed as
polarimeter response matrix for the cross talk �off-

iagonal elements� and noise �diagonal elements� as
function of frequency. Figures 4 and 5 show sev-

ral frequency-dependent examples of these matrices
or the case of a continuously rotating retarder and
he double LCVR-balanced modulation and demodu-
ation scheme of Sánchez Almeida14 �see Subsections
.A and 2.B and Table 1�. These can be compared
ith Fig. 1. These matrices have the following gen-
ral properties:

1. They are strongly peaked at frequencies that
re harmonics of ��1, where � is the time for a full
odulation or demodulation cycle �such as the one

hown in Fig. 3�.
2. Thus, with smaller �, the contributions to the

ross talk and noise arise from higher frequencies,
ampling different values of PN���.
3. They strongly depend on the type of modula-

ion scheme and the particular Stokes parameters
eing computed.
4. For a fixed modulation rate but varying total

xposure times, the widths of the peaks and their
ccompanying sidebands decrease linearly with total
xposure time, but the maxima remain unchanged.
hus the rms cross talk depends on the square root of
he total exposure time �Eq. �9�
.

ig. 4. Polarimeter cross-talk response matrices ��H̃ri�����2
 plot-
ed as a function of frequency for the continuously rotating re-
arder used in the Advanced Stokes Polarimeter �ASP�. The total
ntegration time is 1 s, and the read time is 0.11 s.
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5. For a fixed total exposure time but with vary-
ng cycle times �, the functions H̃ri���� have the same
orm but they simply shift in frequency linearly with
�1, such that �0

� �H̃ri�����
2d� � constant. Thus the

agnitude of the cross talk varies with � for a fixed
otal exposure time only through the shape of the
roduct of �H̃ri�����

2 and PN��� �Eq. �9� again
.

Below we envisage other types of polarization mod-
lation systems, in which LCVRs and FLCs replace
he rotating-retarder system, but the beam-splitting
rrangement remains the same. We can also use
ites’s formalism5 for these schemes and Eq. �9� with
ppropriately modified expressions for H̃ri����. For
his reason it is important to recall the assumptions
hat underlie it:

1. Time dependence arises solely from seeing-
nduced image motion noise, not solar evolution; and

ig. 5. Polarimeter cross-talk response matrices ��H̃ri�����2
 plot-
ed as a function of frequency for the balanced scheme of Sánchez
lmeida �JSA� �see Table 1�. The total integration time is 1 s, and

he read time is 0.11 s.

Table 1. Examples of Pola

Scheme

Retarder 1

�1
b �1

b

1. Single rotating retarder Fixed Rotating
2. Single rotating retarder Fixed Stepped
3. Two LCVRs Stepped Fixed
4. Two FLCs Fixed Stepped

aRefer to Fig. 2 for the schematic layout of the retarders in the
b� and � refer to retardances and angles of the fast axes of the
cRef. 15.
dRef. 5.
eSST, Swedish Solar Telescope.14 This scheme was devised by
fTIP, Tenerife Infrared Polarimeter.16

gSOLIS, Synoptic Optical Long-Term Investigations of the Sun.
hRef. 18.
2. the noise is stationary �statistically, �N�t�� �
N�t � ���
 when averaged over typical integration
imes.

. Rotating Retarders

otating retarders will probably remain an impor-
ant component of solar Stokes polarimetry for some
ime in spite of the newer modulation devices because
he latter have several physical limitations �e.g., the
hoton fluxes incident on them are limited; the phys-
cal size of some devices is also limited; times for
hanging polarization states are significant, being
17 ms for the devices considered by Sánchez
lmeida14�. Furthermore, rotating retarders can
andle polarimetry over a broad range of wave-

engths simultaneously by use of low-order retarders
ith the various orders being matched to the wave-

engths of interest or through use of an achromatic
etarder over a narrower wavelength range.

Lites’s formalism5 and notation for rotating retard-
rs is adopted here. In Appendix A we provide cor-
ections for some typographical errors in Lites’s
riginal paper, uncovered during the course of the
resent work.

. Other Modulation and Demodulation Schemes

he advent of FLCs and LCVRs has led to new mod-
lation and demodulation schemes that differ signif-

cantly from those achievable with rotating retarders.
n particular, combinations of these newer devices
an produce so-called balanced schemes in which
qual weight is given to the measurement of the Q, U,
nd V parameters during the modulation and demod-
lation cycles. Unlike rotating retarders, in which
is always modulated at one half of the frequency of
and U, the relative modulation frequencies can to

ome degree be chosen. For example, the double
CVR-balanced scheme of Sánchez Almeida14 modu-

ates V at twice the frequency of Q and U. Further-
ore, these schemes yield signals without the dc

omponent present in Q in all rotating wave plates
hose retardance � yields nonzero modulation of V

see Lites’s5 Table I�. We consider schemes that ap-
roach 100% efficiency in the sense defined by del

er Setups Examined Herea

Retarder 2

Examples and References�2 �2

ASPc

Litesd

Stepped Fixed SSTe

Fixed Stepped TIP,f SOLIS,g DLSPh

imeters envisaged here.
ders, respectively.

e Sanchéz Almeida (JSA).
rimet

polar
retar

Jorg

17
1 July 2004 � Vol. 43, No. 19 � APPLIED OPTICS 3821
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3

oro Iniesta and Collados.7 The modulation and de-
odulation matrices are combined to optimize the

olarimetric efficiency. We also consider schemes
hat are balanced.

Figure 2 shows the measurement setup envisaged
or the modulation schemes we discuss here, and Ta-
le 1 summarizes the type of devices used in existing
chemes. In some schemes, modulation is per-
ormed by means of rapidly changing the states of the
etarder�s�, and the counts are recorded at the detec-
ors while the retarders are held in each fixed state
or a time �. The Advanced Stokes Polarimeter
ASP� and other polarimeters accumulate counts
hile the retarder rotates at a fixed angular velocity.
emodulation is performed by means of assembling

he count rates into the vector IM and applying the
emodulation matrix �Eq. �2�
.

. Results

. Comparing Single Rotating Retarders with Other
chemes

efore studying the dependence of cross talk on adap-
ive optical correction of image motion, it is interest-
ng first to compare a rotating single retarder—such
s that used in the ASP15—with liquid-crystal devices
hat combine two retarders. Figure 6 shows the
agnitude of the cross talk computed for the single-

etarder ASP modulation and demodulation scheme.
igure 7 shows cross talk computed with the double
CVR-balanced scheme of Sánchez Almeida.14 Fig-
res 6 and 7 follow the form shown by Lites,5 except
hat the abscissa shows the time taken to perform one
822 APPLIED OPTICS � Vol. 43, No. 19 � 1 July 2004
ntire measurement cycle, i.e., one half of the rotation
f the wave plate for the single rotating retarder �Li-
es’s figures show on the abscissa the time needed for
complete rotation of the wave plate� or one complete

et of states for the LCVR case. The ordinates show
he quantity

Cri � ��
0

�

�H̃ri�����2PN���d��1�2

o that the actual cross talk from Stokes parameter i
o parameter r is, from Eq. �9�,

�ri � Ri��iCri, (10)

here Ri� � Ri for i � 1 . . . 4 if just a single beam is
easured. Results are shown for total integration

imes of 10 s, which is close to the upper limit im-
osed because of the evolution of small magnetic fea-
ures in the solar photosphere, as observed at the
esolution limit of the ATST �see Keller19 and below�.
hen dual beams are measured, R1� is instead the

etector imbalance term.5 In this case, R1� � ��x �

y��2, where �� � ������� � 1 for each detector � �
or y; here �� is the �actual, but unknown� factor

elating count rates on detector � to the intensity
ncident on the detector, and �� is the known value of
� determined through calibration. For any reason-
ble polarimeter, it can be assumed that the cali-
ration is known to better than a few percent, i.e.,
��� �� 1.

Figures 6 and 7 show a monotonic decline of cross
alk with decreasing cycle period, reflecting the
onotonic decrease of the image motion power spec-
ig. 6. Normalized cross-talk values Cri �Eq. �10�
 as a function of
ycle period for the ASP �single rotating retarder� with von der
ühe’s �see Lites5� residual image motion power spectrum. An

ntegration time of 10 s was assumed. The format of the plot
ollows Lites,5 except that the abscissa values are half of those
ig. 7. Normalized cross-talk values Cri �Eq. �10�
 as a function of
ycle period for the modulation scheme of Sánchez Almeida �JSA�
two LCVRs� by use of von der Lühe’s �see Lites5� residual image
otion power spectrum. An integration time of 10 s was as-
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rum with frequency. Comparison of Figs. 6 and 7
hows that the cross talk differs by up to a factor of 3
etween these particular schemes for a given cycle
eriod. The diagonal components Crr are larger for
he ASP rotating retarder because of the continu-
usly varying retarder fast-axis orientation during
he integrations, which leads to a lower average sig-
al �the transmitted signals of pure Q, U, or V go
moothly to zero at the beginning and end of each
ntegration period—see Fig. 3�. The off-diagonal
ross talk for the ASP I3 QU is similar to the I3 V
ross talk for the LCVR scheme, and vice versa. The
3 QU cross talk is similar for the two schemes.

he Q3 U cross talk is also almost identical for the
wo schemes, but the ASP U3Q cross talk is a factor
f 2 lower for the ASP scheme compared with the
CVR scheme. The cross talk from QU to V is, un-
er ideal conditions, negligible in the weak-field limit
f the Zeeman effect. However, when systematic er-
ors �due, for example, to finite telescope polarization
ecause of nonnormal incidence reflections19� are
resent, such cross talk is an issue. The Q3V cross
alk is a factor of 3 larger for the LCVR scheme than
or the ASP scheme. A similar figure with the FLC
cheme16 developed at the Instituto Astrofisico Ca-
arı́as shows similar results, but, because that
cheme gives greater weight to the measurement of V
ver each cycle, the cross-talk terms for Q, U3 V are
maller, and Q 3 U, U 3 Q are larger by factors of
to 3.

. Effects of Tip–Tilt Corrections on Cross Talk

igures 8 and 9 show cross-talk calculations for the
ouble LCVR-balanced scheme of Sánchez Almeida14

ig. 8. Normalized cross-talk values Cri �Eq. �10�
 as a function of
ycle period for Sánchez Almeida’s �JSA’s� double LCVR measure-
ent scheme by use of the nontip–tilt-corrected image motion

ower spectrum measured by Rimmele at the DST. An integra-
ion time of 10 s was assumed.
or residual image motion power spectra that are un-
orrected and corrected by use of the current �i.e., just
ip–tilt� National Solar Observatory �NSO� AO sys-
em, respectively. Both systems can also correct
igher-order aberrations, but the corresponding
nalysis is beyond the scope of this paper. The
ower spectra correspond to a rms image motion of
.45 and 0.09 arcsec, respectively. Figure 8 is qual-
tatively similar to Fig. 7, showing an almost mono-
onic decline of cross talk with decreasing cycle
eriod. Figure 9 is quite different: There is a res-
nance between the broad residual power spectrum
eak near 40 Hz and the peaks in the polarimeter
ross-talk response matrices ��H̃ri�����

2�, leading to a
road maximum in the off-diagonal cross-talk values
ear cycle periods of 0.05 s �20 Hz, read times of
.0125 s, a read frequency of 80 Hz�. We note that
0 Hz is twice ��1. These cross-talk values decline
harply as � is decreased from its value near the
ross-talk maxima, roughly as ��1, and less sharply
s ��1�2 when � is increased. Similar results are
ound for the FLC scheme developed at the Instituto
strofisico Canarias. It is important to stress that,

n spite of this resonance, the smaller integrated
ower in the tip–tilt-corrected data �as measured by
he rms seeing� leads to cross-talk values that are
lways smaller than those for the nontip–tilt-
orrected data.

Results for the new Synoptic Optical Long-Term
nvestigations of the Sun �SOLIS� vector spectromag-
etograph system17 �a double FLC scheme, results
ot shown, also used by the diffraction-limited spec-
ropolarimeter� are quite similar to those shown in
igs. 8 and 9. However, the IUV3 Q cross talk is a

actor of 2 to 3 lower, and the Q 3 UV cross talk is
ome 50% higher. This difference results from the

ig. 9. Same as Fig. 8 except that the tip–tilt-corrected image
otion power spectrum measured by Rimmele at the DST was
sed. JSA, J. Sánchez Almeida.
1 July 2004 � Vol. 43, No. 19 � APPLIED OPTICS 3823
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igher weight given to measurements of Q during the
odulation and demodulation cycle in the SOLIS

cheme.
The results differ when a continuously rotating re-

arder is used, especially for the diagonal elements
compare Fig. 10 with Fig. 9�. The diagonal compo-
ents of the matrices �H̃rr�����

2 for continuously rotat-
ng retarders have significant secondary maxima
way from the primary maxima that are at zero fre-
uency �Fig. 4�. The secondary peaks arise from the
act that the polarization states vary during the in-
egrations �see Fig. 3�, yielding power at frequencies
hat are multiples of ��1, which lead to the frequency
ependence shown in Fig. 10. Secondary peaks are
bsent in the equivalent matrices for other schemes
hose polarization states are fixed during the inte-
rations.

. Case Study: Cross Talk in Synthetic Quiet Sun
agnetic Fields

o estimate cross talk we need values of �i � �
Ri��
Ri� �see Eq. �6�
. A major goal of the ATST project—
hich will use a 4-m telescope—is to measure
agnetic structures at the highest possible angular

esolution. Until such data become available, we
annot estimate values of �i from data because the
ost highly resolved images of the Sun obtained with

he new Swedish Solar Telescope are still limited by
he diffraction of this 1-m telescope.20 It is a
atch-22 situation: To estimate the cross talk we
ust have the data, and to have the best quality data,
e must estimate cross talk and take measures to

ptimize the way that polarimetry is done. Until
deal observations become available, we must there-
ore rely on simulations. To this end, we used mag-
etoconvection simulations of Stein and Nordlund,21

ig. 10. Same as Fig. 9 except that the rotating retarder and ASP
emodulation scheme were used.
824 APPLIED OPTICS � Vol. 43, No. 19 � 1 July 2004
hich represent state-of-the-art time-dependent
hree-dimensional simulations of the magnetized so-
ar photosphere. We simulated the emerging Stokes
rofiles and examined these simulated observations
or both spatial gradients and their time variation.
n the simulations, the magnetic field is highly inter-
ittent in space with concentrations confined largely

o intergranular lanes and with a rms magnitude of
he vertical component of the magnetic field vector of
5 G. In some localized areas the magnetic field
trength is well above 1000 G.

. Results for a Snapshot from a Simulation
e now discuss two figures pertaining to one wave-

ength corresponding to a typical maximum of the
tokes �V� profile for the longer wavelength of the two

ron lines at 6302 Å. Figures 11 and 12 show gra-
ients for Stokes I and V, respectively, computed
rom data �upper right panels� that were convolved
ith a two-dimensional Gaussian function with a
WHM of 0.0325 arcsec. This corresponds roughly
o the point-spread function expected for the ATST at
300 Å. Note the small physical scale of Figs. 11 and
2. Figure 11 shows that values of �
I���I� are lim-
ted to values below 15 arcsec�1. In contrast, the
tokes Q, U �not shown�, and V parameters show

S ���S � values that approach 100 arcsec�1. This is

ig. 11. Computed intensities I from the magnetoconvection sim-
lation, modeled for a typical region of the quiet Sun. The raw
ata �top left� were convolved �top right� with a Gaussian function
epresentative of the resolution limit of the ATST. The lower left
anel shows �
I���I� computed from the convolved image. The
egion enclosed in a white box shows a representative strong in-
ernetwork magnetic field element whose signal-to-noise ratio
roperties are estimated in Table 2.
i i
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asy to understand because I is dominated by ther-
odynamics, but Q, U, and V are also controlled by
agnetic fields, which are not only the desired object

or detailed observation but are also highly spatially
tructured.
With Figs. 11 and 12 we now have all the data

eeded to assemble the cross talk and obtain the
ignal-to-noise ratios for some typical measurements,
ssuming that the synthetic data are representative
f what will actually be measured in the quiet Sun.
n Figs. 11 and 12 we marked with a box a region

ig. 12. Same as Fig. 12 except that data are shown for Stokes V.
he same figures for Q and U are similar to those modeled for a
ypical region of the quiet Sun.

Table 2. Cross-Talk Values �Ri�i��0
��H̃ri�����2PN���d�
1�2�

To I Q

JSA’sb scheme, Rimmele et al.4
Q � �3.8��4� 1.7��3� �5.9��3�
U � 2.9��3� 1.7��3� �4.3��3�
V � �4.3��2� 1.0��3� �7.1��3�

JSA’sb scheme, Rimmele et al
Q � �3.8��4� 2.7��4� �5.7��5�
U � 2.9��3� 2.7��4� �8.5��4�
V � �4.3��2� 2.7��4� �1.2��3�

ASP 8-state scheme, Rimmele et
Q � �3.8��4� 2.4��4� �6.6��4�
U � 2.9��3� 2.4��3� �1.3��3�
V � �4.3��2� 2.7��4� �1.4��3�

ax, y�z� � x, y � 10z. All entries are for a 10-s integration and
, V cross talk is set by a beam imbalance of 1% �see text�. The val

n Figs. 11 and 12. The units are such that values of I are near
bJ. Sánchez Almeida.14
ontaining a strong internetwork magnetic field for
loser examination. In Table 2 we list contributions
o the cross talk evaluated for this region. The cal-
ulations assume a 10-s integration and a 40-Hz read
ate, and the I3 Q, U, V cross talk is set by a beam
mbalance of 1%. This beam imbalance is a reason-
ble estimate given that CCDs might accumulate
everal million electrons �see Subsection 3.C.2� lead-
ng to 0.1% photon noise �a lower limit� and that
ariations in gain will contribute to the noise system-
tically. In addition, there may be significant pixel-
o-pixel registration mismatches between the two
eams leading to additional errors in the balance
etween the two beams. With these parameters, in-
pection of Table 2 shows that the tip–tilt system
mproves the signal-to-noise ratios by a factor close to
0, in spite of the resonance between residual power
pectra and the modulation scheme power spectra
oted above. With tip–tilt correction, signal-to-
oise ratios as high as 30 might be expected, for
tokes V, given these parameters.
Without tip–tilt correction, the signal-to-noise ra-

ios are roughly a factor of 10 smaller. Interestingly,
he ASP single rotating-retarder scheme is not dra-
atically worse than the balanced scheme of Sánchez
lmeida—at worst the rotating retarder has signal-

o-noise ratios of a factor of 3–4 smaller, at best just
% smaller. With the parameters used, the cross
alk to Q, U, V is dominated by cross talk from V 3
U or I 3 QU because of the small values of Q and
. Again, we note that QU 3 QUV cross talk may
e a significant issue when telescope polarization is
aken into account.

. Photon Noise
nder most conceivable conditions in which observa-

ions of the Sun’s disk will be performed, the photon
oise is much smaller than the cross talk evaluated
bove. If the Sun is imaged with pixels that criti-
ally sample the angular resolution of a given tele-

ignal-to-Noise Ratios for a Typical Magnetic Elementa

om
Signal-to-Noise

RatioU V

trum, no AO, �2� � 6.36��1�
1.7��3� �5.8��2� 6.5��3�
2.8��3� �5.8��2� 5.0��2�
3.7��3� �3.6��2� 1.2�0�

ctrum, AO, �2� � 1.27��1�
4.4��4� �6.0��3� 6.4��2�
2.9��5� �6.0��3� 4.8��1�
6.1��4� �4.0��4� 3.0�1�

spectrum, AO, �2� � 1.27��1�
4.9��4� �6.6��3� 5.7��2�
2.4��4� �6.6��3� 4.0��1�
5.4��4� �3.3��3� 1.2�1�

-Hz read rate. In these calculations we assume that the I 3 Q,
f I, Q, U, and V that we used were extracted from the boxed regions
.

and S
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.4 spe
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a 40
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cope, the projected angular size of the pixels must be
xDL �  �2D, where  is the wavelength and D is
he telescope aperture. The number of photons

DL
photons accumulated in a pixel of this projected

ngular size in t seconds is

NDL
photons � E�B �T�d 
!DLt

"

4
D2, (11)

�
"

16
E�B �T�d 
 

2t, (12)

here E is the overall system efficiency, B �T� is the
lanck function at temperature T and wavelength  ,
 is the spectral bandpass, and !DL � pxDL

2. When
bserved at a fixed value of  �D, such as at the dif-
raction limit, Eq. �12� shows that this signal-to-noise
atio is independent of telescope aperture D. Using
arameters for the 6302-Å lines observed with the
� 4-m-diameter ATST, in the general case where

he pixel size px is not necessarily equal to pxDL �
.0162 arc sec, we obtain

Nphotons � 1.1 � 107 E
0.05

B6302Å� T
5000 K� d 

22 mÅ

� �px arcsec
0.0162 �2� D

400 cm�2 t
10 s

. (13)

hen px � pxDL, this yields a signal-to-noise ratio
���I� � �Nphotons�1�2 � 3 � 103 from photon-counting
tatistics alone. Because the measurements of Q, U,
nd V are always made in linear combination with I,
nd because �I� 	 �V� 	 �Q, U�, the signal-to-noise
atios for V �and similarly for Q, U� are �V���I�. In
he magnetic element studied in Table 2, �V� �
.043�I�, so that V���I� � 47. The equivalent num-
ers for the much smaller values of Q and U from the
able yield Q���I� � 0.4 and U���I� � 3, both an order
f magnitude larger than the tip–tilt-corrected cross-
alk values listed in Table 2. It is unlikely that spec-
ropolarimetry at facilities like the ATST will be done
t the diffraction limit, so that the signal-to-photon-
oise ratios will be even higher than this estimate.
ven in the diffraction-limited case, the photon noise

s somewhat less than the cross-talk values and will
e correspondingly smaller when observations are
ade with pixel sizes larger than the diffraction-

imited size.

. Exposure Time Limits Set by Solar Evolution
igures 11 and 12 are for one snapshot of a dynamic
imulation. Two images computed 30 s before and
fter these data were used to determine time deriv-
tives. Figures 13 and 14 show the time derivatives

dSi�dt� and the time scales �Si��dSi�dt�� from the
onvolved images. Again, results �not shown� for Q
nd U are similar to those for V, and yet again the
erivatives for I are small and those for Q, U, and V
re nearly an order of magnitude larger for the same
easons given above. Figures 13 and 14 illustrate
hat, in regions of strong magnetic field �indicated in
826 APPLIED OPTICS � Vol. 43, No. 19 � 1 July 2004
hese data by large values of �Q2 � U2 � V2�1�2 � V
,
he features evolve on time scales whose mode in the
istributions is near 30 s. In other words, if 30-s
ntegrations were used to accumulate data, the fea-
ures would have changed by a factor of e. Stokes
arameter Si changes from Si

0 in time �t due to solar
volution as

Si � Si
0 �

dS
dt

�t

o that, for a signal-to-noise ratio 	3,

1
Si

0

dS
dt

�t �
1
3

, or �t �
T
3

.

is a typical time scale for surface feature evolution.
ith T � 30 s, we find that integration times should

e a maximum of 10 s. This provides justification
or our choice of integration times in Figs. 6–10.
en seconds is a lower limit in practical terms be-
ause, as noted above, spectropolarimetry will prob-
bly be performed with pixel sizes larger than the
iffraction limit, so the convolution should be done
ith a corresponding broader point-spread function.

n passing, we note that, for some important goals to
e met by solar spectropolarimetry, accurate Stokes
easurements should be made not along a single slit

ig. 13. Computed, convolved intensities I from the magnetocon-
ection simulation �top left�, time scales �I��dI�dt�� �top right�, and
he distribution of time scales �bottom left�. Time scales were
omputed from simple differences between similar data taken 30 s
efore and after the image shown. Only those values with signif-
cantly large values of dI�dt were included in the time-scale plot
nd histogram.
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rojected onto the solar surface but within a given
rea, all within 10 s or so. This requirement implies
he need for an image slicer or integral field unit.

. Discussion

ur results can be summarized as follows:

• If modulation and demodulation can be done
ast, say above 400 Hz, then the cross-talk issues go
way �rms cross talk varies roughly with �modulation
ate��1 at high frequencies because of the behavior of
he image motion power spectra with frequency
.

• Read rates of modern detectors are still too
low, �40 Hz, because the detectors are physically
arge. Thus cross talk remains a major issue, unless
harge caching devices can be used. Such devices
re being examined for the ATST and other
rojects.19

• Modulation and demodulation rates are at
resent unfortunately similar to the peaks in the
esidual power spectra of current tip–tilt correction
ystems, which also lie near 40 Hz. Ideally the mod-
lation and demodulation should be done at frequen-
ies that are at least several times this.

• Continuously rotating retarders compare rea-
onably well with other devices and have advantages
f simplicity and large physical size—they can thus

ig. 14. Same as Fig. 13 except that data are shown for Stokes V.
he same figures for Q and U are similar to those modeled for a
ypical region of the quiet Sun. Time scales for variation of Q, U,
nd V are nearly an order of magnitude smaller than those for I;
nd Q and U have median values of log10�time scales� of 1.6 and
.5, respectively. Unlike Fig. 13, only those regions with signifi-
ant values of both V and dV�dt were included in the time-scale
lot and histogram.
e used in relatively large beams as envisaged for
TST, for example. It is not clear that liquid crys-

als will be large enough or able to take the heat load
or the ATST and perhaps other future instruments.
urthermore, rotating retarders can be used to mea-
ure Stokes parameters of spectral lines that differ
idely in wavelength, an important capability for

everal science cases of interest.
• Solar evolution is an important issue when ob-

erved at high angular resolution. It limits the in-
egration times �and hence signal-to-noise ratios� to
0 s or so. As noted by Keller,19 unfortunately the
imiting time scales decrease with increasing angular
esolution as magnetic elements move faster from
ixel to pixel.
• It is interesting that, although there are penal-

ies for use of continuously rotating retarders, the
omputed cross-talk values for them are generally
ot dramatically larger �they are, at worst, just fac-
ors of several larger� than those for double liquid-
rystal schemes. Thus rotating retarders should
emain important modulation devices for existing
nd new instruments under development and con-
truction.

We conclude, not surprisingly, that even lowest-
rder AO correction �just tip and tilt� is essential for
ccurate spectropolarimetric measurements at very
igh angular resolution, below 0.3 arc sec, say. If
odulation can be done at say f � 400 Hz instead of

0 Hz, then one can take great advantage of the rapid
1�f � decline of cross talk with modulation frequency,
hown in Figs. 6–10. Alternatively, one can attempt
o move the peak in the residual power spectrum for
esidual image motion to higher frequencies for the
ame �e.g., 40 Hz� modulation frequency by driving
O systems to the highest frequencies possible. The

requency of the peak �currently at approximately 40
z� in the residual image motion spectrum as well as

he total power left are determined by the closed-loop
ervo bandwidth of the AO system. A higher band-
idth means less residual power and the peak shifts

o higher frequencies. The new AO system under
evelopment at NSO’s Sacramento Peak Observatory
as approximately twice the bandwidth of the low-
rder system. It is conceivable that with more effi-
ient AO correction systems, such as the new NSO
ystem, slower modulation frequencies may suffice
or most polarimetry applications.

The differences between the single, continuously
otating-retarder schemes and the stepped schemes
re significant, but larger benefits can be expected by
n increase in the modulation frequency. It seems
ppropriate that we place the largest efforts into de-
ermining how to modulate and read as fast as pos-
ible.
Several issues remain for future studies. One key

ssue that will be important for the ATST project is
elescope polarization at a level �1% before the po-
arimeter.19 The above technique could be applied
o the case of seeing-induced changes in the Stokes
arameters as viewed through a polarizing telescope.
1 July 2004 � Vol. 43, No. 19 � APPLIED OPTICS 3827
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his should show a clear advantage of a balanced
odulation scheme. We plan to study the effects of

orrecting for higher-order distortions with new AO
ystems using the formalism applied here.

ppendix A. Typographical Corrections to the Paper
f Lites

he following lists typographical errors and correc-
ions in Lites’s paper5:

Original Corrected

Eqs. �8� and �25� !r��. . .
 1��. . .

Eq. �21� exp��"�T� exp��i"�T�
Last sentence of

Section III.D
H̃ri

2 H̃ri�
2

Eq. �24�, first term exp�ix1� exp��ix1�

We thank Bob Stein and Åke Nordlund for making
heir numerical simulations available to us. C. U.
eller acknowledges support from the Alexander von
umboldt Foundation through the Friedrich Wil-
elm Bessel research award.
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